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To Express the Boots of the. Solvable Quantics as 
Symmetrical Functions of Momologues, 

By Ohas. H. Kummell, Washington, D. G. 



1. The quadric = ax* + 26a; + c 




= (ax + b) i —(b z — ac) 


(1) 


= (ax + bf — \b*\, 


(2) 


where 6 J — ac = | V \ , the discriminant of the quadric. 


(3) 


Assume = ax + b + V, 


(4) 


then = (ax + bf — b 1 ' . 


(5) 


Comparing this with (2), we have 




\»\ = V t 


(6) 


whence V = ± \ b % | *. 


(7) 


The complete solution of the quadric is then given by the system 




= axx •+• b + V, 


(80 


= aXi + 6 — V. 


(8,) 



If the discriminant 

o, c 
is positive, the roots are complex conjugates. Placing 



= ac — b i =— \b l \ (9) 



cos j3 = -^= , then 6 = Vac cos /?;&' = iVac sin /? , (10) 

and the quadric is solved by the system 

= a i !c 1 + c¥' =a i x l 6- ?i + c i , (8{) 

= atxi + c*e- ?i = atxtfV + c*. (8{) 
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2. The cubic 

= ax 3 + 3&a; a + Sex + d 

= {ax + b) 3 — 3 (J 2 — ac)(aa; + 6) + 2 (6 3 — fa&c + lo?d) (11) 

= (aa; + &) 3 — 3 1 6 2 1 (aa; -h 6) + 2 1 5 3 1 , (12) 

where b s — faJe + icM= |6 8 |, the cubic variant. (13) 

Assume = ax + b + 6' + J", (14) 

then we have 

= (ax + &) 3 — Zb'b" {ax + b) + 6" + &"', (15) 

and comparing this with (12), we have 

\b z \ = b'b", (16) 

1 6* | = £(&'' + &"•), (17) 

therefore V = \ \ b 3 \ + ( | b 3 1 2 — | Z> 2 1 ")*}», (18') 

&"={ |i»| — (|y|»_|j»|»)*}*. (18") 

Except in the irreducible case,* these formulae give the numerical values of the 
auxiliaries V, b", which are obviously homologues to b, and being used in (14), 
give one root and the complete solution is given by the system 

= ax 1 + b + V + b", (19j) 

= ax 2 + b+b'l i + b"l-\ (19 2 ) 

= ax 3 + b + yi-* + 6"l», (19 3 ) 

if ii = _£ + i V="3; i-i = _4_4V^3. (20) 

For the reciprocal solution we have 

= ax 3 + 3bx z + Zcx + d. 
= 2($ad i -%bcd + c 3 ) — 3 (<* — M)(o + &T 1 ) + ( c + daT 1 ) 3 (21) 
= 2 1 c 3 1 — 3 | c 2 1 (c + &T 1 ) + (c + dx" 1 ) 3 , (22) 

(23) 
(24) 

(25 x ) 
(25 2 ) 
(25 3 ) 

* See my paper, " Symmetries of the Cubic and Methods of Treating the Irreducible Case " (Annals 
of Mathematics). 
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+ tfojr 1 ) 








= 
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+ c 


+ ^Xs -1 , 
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where the cube root of unity factors in the corresponding forms of (19) and (25) 
have been chosen so that their product is 1 . This arrangement, though arbi- 
trary, is adopted because it produces the most perfect symmetry. We have then 

= c" s + c" — Sdc" (c + dor 1 ) + (o + dx- 1 ) 3 . (26) 

Comparing this with (22), we have 

\c*\ = dd>, (27) 

\<*\ = t(cT + </>•), (28) 

therefore d ={ j o 3 1 ± (|c 3 | 2 — |c 2 | 3 )*p, (29') 

c" = \\c s \^(\c s \ i — \c i \ s y\i, (29") 

where the sign must be left indeterminate, not having given yet the connecting 
condition between auxiliaries V, b" and c', c". 

Regarding the condition = 1 + 1*+ l -i , we easily deduce from (19) 

= -f- fa + a* + *,) + &• (30) 

= -%fa + x 1 l- i + x 3 l i ) + V, (30') 

= ± (x 1 + a*l* + x 3 l~i) + b". (30") 

Similarly from (25), 

= °" + 4 (a5r * + £crll_i + ^ = °" ~ T ^ Xs + X3Xll_l + XlX ^' ( 31 ") 

= ^ + 4 (a:fl + * 2 ~ l1 * + £Csl ~* ) = C ' ~ T (**» + £C3a!lli + £ClCr21 "^ ' C 81 ') 
= c + -3- OC 1 + X7 1 + ^r 1 ) = c — ~L (a^ + a% + atfri) . (31) 

From these we deduce the remarkable symmetries* 

W = 6 2 — ac = 1 J 2 1 , same as (16), (32) 

b"b = b'°— ad, (32') 

W =b"'-ac", (32") 

be + Vd + b"c" = ad, (33) 

bd +Vd'+b"c =0, (33') 

6c" + b'c + 6"c' = , (33") 

dc = d" — b"d, (34") 

cd' = c" — yd, (34') 

eV = c 2 — JeZ = | c 2 1 , same as (27) . (34) 

*Given first in my paper, " Symmetries of the Cubic," etc. 
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Relation (33) has its symmetrical form by virtue of the assumption of cube root 
of unity factors in (19) and (25), and gives therefore the condition connecting the 
auxiliaries b', b" with d, c" and placing 

£ (ad — be) = i (b'd + b"d>) = | be \ , the connectant * (35) 

p' = b'd; p" = b"d', 

we obtain pi and j>" as roots of the quadric resolvent 

0=f — 2|6c[p + |6 a |.|c 2 |, (36) 

(37') 
(37") 



(38') 
(38") 

(39") 
(39') 



whence 


p' = 
p" = 


-.b'd = 
-. b"d> = 


:\bc\ + 

\bc\ — 


V be 


2 — b 2 . 


w , 




V\bc 


>-\b>\. 


\d\. 


From (32) 


we deduce 














WW 


=zb 3 - 

= b'' - 


-abc, 
-ab'd 


.: V 








=v'6|6 2 


+ ap, 


Similarly i 


from (34), 

d'e'e 


= V" - 
= c" a - 


-ab"d' 
- V'd'd 


.-. b" 
.'. c" 


=Vb\b z 


| + ap". 




= \/c c 2 


+ dp" 






= c" - 


- b'dd 


.: d : 


= Vc\d\ 


+ dp' 






= c 3 — 


bed. 









The discriminant of the cubic is 



A,= 



a, 26, 


c, 







0, a, 

b, 2c, 


26, 

d, 


c 



= 4 


0, 6, 


2c, 


d 





|6c|, |6 2 | 
1*1, l&cl 



= 4(|6c| 2 -|6 2 |.|c 2 |)=-J(|6 3 | 2 -|6 2 | 3 ) 



= ^r(l*T-|*T) 



= (b>d—b"d'y=( P '—p"Y, (40) 

and representing the coefficients of the cubic in terms of the auxiliaries 6', 6", 

6" — b"' 



d, c", we have 



a = 



6 = 






(2: 



b'd- 


-6"c" 


b''c" 


-6"V 


b'd- 


- 6"c" 


b'c"' - 


- 6"c' a 


6'c'- 


- 6"c" 


c" 3 


-d' 



6'c' _6"c" 



= Ar»(6"-6"0, 
= — Af^Vd' — 6"V), 
= Ar^^c"' — 6"c'0, 
= — Ai-*(c" 3 — d'). 



(41) 
(42) 
(43) 
(44) 



*No name ever having been given to this important form, this name is thought to be suggestive of 
its function. 
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"We thus obtain the cubic in the canonical form 

= &i*\ {V — b"') x 3 — 3 (V'c" — b'"d) x 8 + 3 (Vd'' — b"c") x — (c"* — c") f 
= A7* j (6'x — c") 3 — (b"x — c') s f , (45) 

whence the following system of root forms : 

0= Vx 1 — c" —(yt Xl — d), (46 x ) 

= (b'x i — c")l* — (b"x z — d)l~*, (46,) 

= (Z/ajg — c") 1-*— (b"x 3 — d) IK (46.) 

If the discriminant is negative, then the auxiliaries V, b", d, c" are complex con- 
jugates. In that case assume in (12) 

|#| = |&»|»cos$ .'. cos$> = |& 3 |.|& 2 |-*, (47) 

= aa; + J-r-2|& 2 | i cosi^ .-. J' = |&»|*«** ; 6" = |& 2 |vK (48) 

then it becomes = 4cos 3 i$ — 3 cosi$ — cos$, the well known relation 
between the cosine of an arc and the cosine of its third part. Since an arc 
determined by (47) has three different thirds, there will be three real roots to 
the cubic as given by the system 

= ax 1 + b+ 2 1 fe a | * cos ^f- , (49 x ) 

O 

= ax z + b + 2|Z> s | i cosi($+27t), (49,) 

= ax s + b+ 2|J 2 |*cos£(<?>— tot). (49,) 

For the reciprocal solution assume 

cos^ = |c 3 |.|c 2 |- ? , (50) 

then = 2 1 c a | i cos H + o + Acf 1 , (51j) 

0= 2|c s | i cosi(^— 2rt) + c + dxf 1 , (61,) 

0=2\c i \*co8i(4<+27t) +c + dxj\ (51,) 

The connectant is 

1 6c [ = | & 8 1 *. [ c s | * cos I (<?> -h 4-) - (52) 

To determine the proper 4 to $, we either compute $> by (47) and i($ + 4) 
by (52) or else the latter and 4> by (50). We have then in (46) 

= \V\*Bmlq>.x l + \<?\*BmH, (53 a ) 

= |& 8 |*sini(<?>+ 2 7 t).a;, + |c 8 | i sini(^-27t), (68,) 

= 1 6 s j * sin * (^> — 27t).a;3 + |c 2 |*sini(4+27i). (63,) 
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3. The quartic = ace 4 + 4ba? + 6cce 8 + 4dx + e admits of being solved in 
five distinct ways, consistent with the plan of this paper, each corresponding to 
one of its five coefficients, the a-method being symmetrical to the e-method, the 
b- to the d- and the e-method being symmetrical to itself. 

We have 

= (ax + of — 6 (b* — ac)(ax + bf + 8 (b s — f abc + ia?d)(ax + 6) 
— 3 (Z> 4 — 2ab % c + 1 ctod — i a 3 e) 
= (ax + b)* — 6\b 2 \{ax + bf + S\b 3 \{ax +b) — 3|6 4 |, (54) 

if 6* — 2a6 2 c + id*bd — |a 3 e = | ¥ | , the quartic variant. (55) 

Assuming = ax + b + V + b" + b>", (56) 

we have, squaring, 

{ax + bf — (b" + V" + 6"") = 2 (&'&" + &"&"' + b'"b') . 

Squaring again, we have 

(ax + by—2 (b" + ¥' + &'"') (ace + bf + (J" + V + b""f 

= 4 (W b"' + &"'&'"' + b'"'b'') + 8b'b"b'" (V + b" + V") , 
hence by (56) 

= (ax + bf - 2 (V + b'" + b"'')(ax + bf + 8&W" (ace + b) 

—\ 4 ( W + b"'b'"' + b'"*V') - (&' a + b"' + J"") 3 f . (57) 

Comparing this with (54), we have 

1 6* | = i (&" + &"' + J"' 1 ), (58) 

\b s \ = b'b"b'", (59) 

j ¥ 1 1 = * (&"&'" + 6" a 6'" a + &'"'&") — i (J' a + b'" + b"y, (60) 

whence b" + b'" + J'" 2 = 3 1 b % | , (61) 

£>'W" a = |6 3 | 2 , ~ (63) 

whence the cubic resolvent 

= (y- h »)(y-yi<)(y- O »») 

= y 3 — 3|6 8 |?/ 2 + f(3|& 8 | 3 + |6 3 |)3/ — |& 3 | a 

= {y~-\b i \f-i(\b*\*-\b i \)(y~\b'\) + i(\b*\ s + 3\b*\.\b*\-4\b 5 \*) (64) 

= (2/-|J 8 |) 3 -fa 2 (« S -*^ + t^)(2/ — l& 2 |) 

__^.{c 3 — (2bd + ae)c + ad?+b*e\, (65) 
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or » lacin e ± {y - m)= », {66) 

and denoting 

c 2 — t bd + i ae = (4 2 ) ,* the quadric invariant of the quartic, 

=^_ («+«). + -+».= «*.• tS^f' 

we have the cardinal resolvent of the quartic 

= ^ 3 -3(4 2 ) X-2(4 3 ) . (69) 

The three roots of this are given by the system 



a, 


b, 


c 


b, 


c, 


d 


c, 


d, 


e 




*1= ^ (4 3 )a+V(4 3 ) a -(4 8 )g + ^ (4 3 ) -V(4 3 )g-(4 8 )g , (70^ 

*»=!* ^ (4 3 ) + V(4 3 )g- (4 2 )g + l-^ (4,),-V(lFM (70 2 ) 

^=l-i^(4 3 ) +V(4 3 )§-(4 2 ) 3 +li ^(4 3 ) -V(4 3 )g-(4 2 )g, (70,) 

or if all three roots are real, 

a, 1 =2(4 2 )*cosi0, (710 

a 2 =2(4 2 )*cosi(0+27i), (71,) 

X 3 = 2(4 2 )*cosi(0 — tot), (71,) 

where cos = (4 3 ) (4 2 ) ~ ». (72) 

We have then by (66), using successively the three values oft/, 

V = \b*\ + JL* 1 = b»-a(c->f), (7 3l ) 

W=\»\ + -T** = »-a(o-h.), (78.) 

y«' = |y| + i.^ = y_a( ~i.) l (73,) 

and we see that this method becomes too much involved in imaginaries in case 
the resolvent (69) has but one real root, but is very convenient if all three roots 
are real. 



* A notation for covariants in general, which I have proposed in my article, " Symmetries of the 
Cubic," etc. Thus (n P ) t denotes a covariant of an »-tic of weight in coefficients =p and of degree =g. 
For an invariant g = . It will be noticed that I have taken (4 2 ) „ = J S and (4 3 ) = T of Salmon. The 
forms (70) thus become similar to (18) and (29). 
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The four roots of the quartic are then given by the system 

= ax x + b ± ( V + b" + V") , (740 

= ax, + b ± ( b' — b" — V") , (74,) 

= ax s + b ± (— 6' + 6" — &'") . (74 3 ) 

= ax t + b ± (— V — b" + V") (± if | b 3 1 is ± by (59)). (74 4 ) 

This method may of course be applied reciprocally by exchanging x for x~\ 
a for e, b for d, c? for b and e for a, and the requisite formulae may be written 
down at once. 
We have 

= ear 4 + 4dx~ 3 + 6cx" 2 + 45a;- 1 + a 
= (ex- 1 + df — 6 (d» — ceXeaT 1 + d) 2 + 8 (d 3 — | cde + * fo^ear 1 + d) 

— 3 (d i — 2cde 2 + * 5(fe 2 — * ae 3 ) 
= (ex" 1 + d)«— 6 |d 2 | (ear 1 + o!) 2 + 8 \d 3 \ (ex- 1 + d) — S\d i \, (75) 

where 

d? — ce = | d i | , the quadric retrovariant of the quartic, (76) 

d 3 — §cde+ib(? = \d 3 \, " cubic " " " (77) 

d i —2cd*e + %bde i — iae*=\d i \, " quartic " " " (78) 

Assuming 
= ex- 1 + d + d! + d" + d 7 ', (79) 

we derive 

= (ear 1 + df — 2 (<T + d"' + d" 1 ')^ 1 + df + Sd'd"d'" (ex' 1 + «Z) 

_ \ 4 (<r<r + d'"d'"' + d""d") — (d" + <r + d"iy } , (so) 

and comparing this with (75) we derive 

<r + eT + cF'' = 3|d 2 |, (81) 

d''d"' + d'"d"" + d'"'d" - 1 1 d 2 1 2 + 1 1 d 4 | , (82) 

i"d" , d'"' = |d 3 | 2 1 (83) 
whence the cubic resolvent 

= (z — <T) (z — <T)(z - d 1 "') , (8 4) 

= * - S\d*\* + t(3\cP\ t + \#\)z—\<P\ 9 , (85) 

= (a— |tP|)«-i(|«?|»-|d*|)( 2 -|cP|)+i(|tP|«-4|d , |»+8|d s |.|d 4 |), (86) 

= ( z _|c* 2 |) 3 -| e 2 (4 2 ) (z-jd 2 |)-^(4 3 ) 0) (87) 
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so that assuming 



*-KI = -f*. 



we have again the cardinal resolvent (69). 

If this has all its roots real, we may use them in the forms 






d»*=\d?\ + -^^ 



(88) 

(89,) 
(89,)" 
(89 3 ) 



and then we have finally the reciprocal root forms 

= exT 1 + d ± ( dJ + d" + d"<) , (90j) 

= exj 1 + d ± ( d' — d" — d'") , (90 2 ) 

= exj 1 + d ± (— d' + d" — d"<) , (90,) 

= ea^ 1 + d ± (— d — d" + d"') (± if |d 3 | is ±). (90 4 ) 

These two methods, in which we easily recognize Euler's method generalized, 
are strictly analogous to the methods we have used for the quadric and cubic ; 
they may be called the methods of completing to the biquadrate. The methods 
to be given now are methods of completing to a square, and were first published 
in my article, "A New, Simple and Symmetrical Solution of the Quartic" (Mathe- 
matical Magazine, Vol. II, 4). In an improved form they, are as follows : 

Adding 2 (c + X) a; 2 to the second term and deducting it from the third, 
we have 

= era 4 + 2 (25a; + c + A) x 2 + 4 fo — A) x 2 + 4dx + e (91) 

= (ax' + 2bx + c + A) 2 — {4 [&» — a (c — -M] x * 

+ 4[6(c + a,) — ad]a; + (c + a,) 2 — ae\. (92) 
The second term becomes also a square if 

= [> — a (0— -y)][(o + Xf — ae] — \b{c + X) — adJ 






c + X, d , e 

= X 3 -3(4 2 ) tf ^— 2(4 3 ) , 

which is the cardinal resolvent (69). 
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Theoretically, either root of this resolvent, real or imaginary, may be used 
in (91) to make the second term a square, but since only one of the roots must 
be used at a time, we shall use only a real root in practice. We have then 
in (91) 

= ax 2 + 2bx + c + -k =fc f2x^b* — a (c |) + ^/( c + ^_ ae ) 

if b (c + k) > ad, (93 + ) 
or 

Oz=ax i + 2bx + c + k± (2xsjb % — a(c ~\ — V(c + Xf — ae) 

if b(c + k)< ad. (93_) 

The quadric with the upper sign then gives one pair of roots, and that with the 
lower sign the remaining two. 

Arranging terms differently in (91) we have also 

= 4 (c j\ x z + 4 (bx 2 + d) x + ax* + 2 (c + X) x i 4- e 

= [ 2 ( c ~ ~)x + bx" + d] 2 
_ | [> _ a (c _ _*)] z i + 2 [jrf-( C +X)(o - A)] x»+<* 

The second term becomes a square if 

= [^_a( C -A)][^_ e ( e _^)]_-[^_ (c + ^( c 

b , c -, d 

c -\- "k, d , e 

and applying one of its real roots, we have the quadrics 

= &a; 2 + 2(c — ^x + d± (x*>J W — a (o — -A) + \/d* — e( 







el c 



(94) 



t)}- < 96 > 



)]■ 



, i. e. resolvent (69), 



)) 

ifM>(o+*)(e-A),(96 + ) 



2 



= 5x 2 + 2^e j^)x + d± (v»»Jv — a(c— A) —^ _ e ( c _ AY) 

ifM<(o + *)(c — A). (96_) 



(97) 
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Arranging terms in (91) differently again we have 
= e + 2 ( 2cfoT 1 + c + X) x* + 4 (c — A) x % + 4bx z + ax* 
= [e + (2aV" a + c + X) a; 2 ] 8 
— J 4 [d 2 — e (o — A)] x> + 4 [d(c + X) - bi\ x 3 + [(c + X)* - ae] A. (98) 

Here the second term becomes a square if 

= [a? — e (c - A)] [( c + a,) 2 - « e ] — [«! ( c + X) - & e ] 2 



6 



c + a, 



/V 7 



c-\-X, d , e 

and applying one of its real roots, we have 



, i. e. resolvent (69), 



= ex~" + 20X- 1 + c + X ± (2x- l sjd* - e (o — A) + V(c + A) 2 - ae) 

ifd(c + a,)>&e, (99 + ) 

= ear 2 + 20V" 1 + c + X db (vaT^ffi — e (c - A) _ V( c +A) 2 — « e ) 

iftf(c + Jl)<&e. (99_) 

These forms result also if iu (93) we write ar 1 for a», e for a and d for 6. Doing 
this also in (96), it will remain the same. 
We easily deduce from (74) 



b — — — fa -+• x % + x s + as*) 

± &' = j- (a?i + x s — x 3 — a; 4 ) 

± 6" = — — (a?! — a; 3 + a; 3 — a; 4 ) 



± &'" = 



a 



(a^ — a- 8 — x s + a; 4 ) (± if \b 3 \ is±). 



Since 



A 

2 



& 2 — &' ! 



/lo 



b l — 5" a 



a 



c — 



As 



— V" % 



a 



a 



(100) 

(100') 

(100") 

(100'") 

(101) 
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we have 

« — - Y= -J- ^ + x * ){xs + Xi) = ~T {xTl + xjl){xTl + x7l) ' (102l) 
c ~ \ = T (a?1 + Xs) {x > + Xi) = T (xfl + ^^ + a;rl) ' (1022) 

c ~ T = T" (a?1 + ^^ + *a) = -f faf 1 + asT 1 )^ 1 + XT 1 ), (102,) 
therefore, since 6c = a (a^a 8 + o^ + x&i + x^c s + ^Wi + a^) . we have also 

c + a, a = ~ (x lXi + a 3 a; 4 ) = —- (o-fV 1 + arr 1 *^ 1 ), (103j) 

c + ^2 = -j («i*s + a*^ = -y OC^i" 1 + ajf^i" 1 ) . (1 03 2 ) 

G + ^3 = -y foa^ + asgass) = -|- (afV * + «T V 1 ) , ( 1 03 3 ) 

and placing 

V^ + V — ae=2c'; V(c + ^ 2 f — ae= 2c"; V(c + V - ae = 2c"', (104) 
we have also 

c ' — x ^ — ^^i) = — \ far^r 1 — «rV) . (1050 

c " = -f" fo^ — av«0 = — "J" 0^ V 1 — CV), (106,) 

c'" = -5- (a^aj* - ayr,) = - -|- (aSfV 1 - aTW 1 ) • (105.) 

From (90) we derive similarly 

= j- (ay*^ + a^o^ + x 4 pe 1 x i + 0^0:3) , (106) 

±d> - — ■— (xr 1 + jC 1 - xr 1 - xT 1 ) 

== j- (ayc^ + 0:30:43;! — a^gg — a^o^) , (106') 

±d»=-±- (xT 1 + a:," 1 + x^ — xj 1 ) 

= — (0:20:3X4— 0:30:40;! + o^o;^ — ar^scg) , (106") 

± #' = _ _«_ (35-1 _ jq-l _ 3.3-1 + ^1) 

= — -j- (a^a;* — 0-30:40:1 — as^a;, + aJiayc 3 ) (=b if | a! 3 1 is =b ) . (106"') 
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We have then 

b±V = -^-(x 1 + x i ); b^V = -±-(x s + x t ), (1070 

b±b» = — ^-(x 1 + x 3 ); b=?W =-±-(x i + x i ), (107.) 



b±V» =-±.(x 1 + x i ); bTb'" = ±(x t + x,)(±it\V\iB±),(10'I,) 



and 



c + X 1 ± 2e/ = ax^ ; c + \ =p 2c' = aa5 3 a- 4 (=fc if 6 (c ■+- Xj) — ad is =fc), (108i) 

c + X 2 ± 2c" =ax 1 a;3; c + A 2 =F 2c" =aa; 2 a; 4 (± if 6 (c + X 2 ) — ad is =fc), (108 2 ) 

c + X 3 ± 2c"' = ax^ i c + X 3 =f 2c'" = az 2 a: 3 (± if 6 (c + a,) — ad is ± ) , (108 a ) 

whence the root forms 



0=zax 1 + b±V W(6-± 2>') 8 — a (c + Xi ± 2c 7 ) , (1090 

= ax t + 6 ± 6' =rV(6 ± 6') 2 — « (e + *a ± 2c'), (109,) 

= aa; 3 + 6 =f 6' ± V(6 t Vf — a(c+\^ 2d) . (109,) 

= aa 4 + 6 =f V ^fVjbWb'f — a (c + A, =F 2c') , (1090 

where the sign of 6' is the same as that of \b 3 \, and the sign of d as that of 
5(c + a0 — ad. By pairing the roots differently, we can write out other root- 
forms. These can however conveniently only be used if all the roots of the 
quartic are real. If either one pair or both pair of roots are conjugate imagi- 
naries, there will be only one manner of pairing so that the roots can be obtained 
from (109) by real operations. We have thus a criterion between the case of 
four real and four imaginary roots, that for the first the auxiliaries V, b", V", or 
c', c", d", or d', d", d!" are all real, while in the other case only one set, V, d, d', 
say are real. 

From (96) we derive the root-forms 



= (b^V)x 1 + c-*±±*J(c-*±) i -(b=Fb>)(d±di), (110 x ) 

= (b =f V) x t + c — A- =fV( c - A)- (b =f b')(d ± d>), (1000 

= [b ± b')x 3 + c — A ±*/(c- Ay_ (J ± &')(<* T «?'), (HO,) 

= (5 ± #) x t + c - A =f \l(c - If)*- (b ± V) (d =f d') , (1 100 

where 5' has the sign of 1 6 8 1 and d! that of bd — (c + A-0(c ^- J . 
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Changing in (109) and (110) ar 1 for x, e for a and d for b, we have other 
equivalent root-forms. 

From (108) we easily derive the following interesting root-forms: 

ae*Xi = (o + A, ± 2c')* (e + A, ± 2c")* (c + A 3 ± 2c'")* = flAwf 1 , ( 1 1 l x ) 

ae*a; 2 = (c -f \ ± 2c')*(c + X 2 =f 2c")*(c + X, =f 2c"')* = t^ 1 , (1 1 1,) 

ae*x 3 = (c + X, =f 2c')*(c -f A 2 ± 2c")*(c + A 3 =f 2c'")* = a*^ 1 , (11 1 8 ) 

ae*a; 4 = (c + 3* =F 2c 1 )* (c + \ =f 2c")* (c + A, ± 2c"')* = a*ex7\ (l 1 1 4 ) 

which can be used conveniently only if all roots are real or imaginary. 
Assuming 



cos/? = 



c + A 



cos 8 = 



d 



then the cardinal resolvent (69) becomes 

a , »Ja(o — A^cos/3, 
__ V«(«- -2-)cos/?, c - 

accosy , \e(c —J cos o" , 



J e ( C -\) 



(112) 



Vac 



cosy 



V.(.-4) 



cos 5 



V, 



1 , cos /3 , cos y 
cos (3,1 , cos 5 
cos y , cos 8 , 1 

= 1 — cos 8 /? — cos 2 y — cos 8 ^ + 2 cos /? cosy cos o\ 



(113) 



which is satisfied by the system 



or 
or 



O = 0-y — «, 

= -/3- r , 



(114) 



*These angles were first assumed in my article, "A New, Simple and Symmetrical Solution of the 
Quartic " (Math. Magazine, "Vol. II, 4). 
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We have, then, the following elegant expressions for the quadric factors of the 
quartic : 

= [«¥ + 2 (c — \^)x^ + efefc*] 

X [a*a? + 2 (o — ■4-)* scr " P ' + ^^(i if cos p cos y \ cos I) , (93') 
= [aVr ?i + 2 (c — AVa; + «»«?**] 

X [aW + 2 (c — AVas + e*e ±N ](± if cos 5 cos /3 £ cos y) , (96') 

= [aW + 2 (c — -^W^ + e*] 

X [«%"'' + 2 (c — A)Wf" + e*](± if cos y cos 5^ cos /3) . (99') 

The arcs (3, y, $ can be real only if the auxiliaries V, d, d! or b", c", d" or 
b'", d", dl" are pure imaginaries. This cannot be if the roots of the quartic are 
real or if two roots are imaginary, and in case of four imaginary roots, supposing 
Xi conjugate to a? a and x 3 to x it then V, d, dl are real and b", c", d" as well as 
V", d", dl" are pure imaginaries. System (74) becomes then 

= axi + b ± V ± bi (tan /? 2 + tan (3 3 ) , (74{) 

= ax % + b ± V =F &* (tan /? 2 + tan /3 3 ) , (74 2 ) 

= aa- 3 + b =f 6' ± 6i (tan /3 2 — tan /? 3 ) , (740 

= aa; 4 + b =f 6' =F &(tan ft — tan /3 3 ) (± if |& s | is ±), (74{) 



where we may write 



^ r cos/3 2 cosp 8 



which formulae are specially adapted to the third case of the quartic. In the 
same manner (90) for the reciprocal solution become 

= exY 1 + d±d' ±di (tan S z + tan $,) , (90^ 

= ex^ 1 + d±d! ^p di (tan <$ 2 -f tan S 3 ) , (90 2 ) 

= exj 1 + d=pd'±di (tan 8 2 — tan S 3 ) , (90^ 

= exT* + d^d' =p di (tan o 2 — tan 3 3 ) (± if |d 3 | is ±). (90{) 



as Symmetrical Functions of Homologues. 
Also (HI) take the form 



_ (o + a-i+ 2c'\* J (v a +v») 



X3 = ( c + v- **y e i *-» >, 

*4= ( 



_ fc + V— 2c' \* 
a / 



Y.) 



(Yj — Ys) 



for which we may write the more symmetrical forms 



S+Ys) 



X. 



x 3 



= dp" 
-(f) 



4-<Yx— Y2— Ys> 



i l(_ Yl + 7 ,_ Y ,) 



89 

(niO 

(1110 

(niO 

(1111) 

(ni(') 

(111?) 
(ii in 
(ii n') 



4. The co variants of the cubic and quartic have interesting relations to the 
auxiliaries which we have employed. For the cubic we have 



(3 2 ) 2 = 



ax + b , bx + c 
bx -\- c, ex + d 



1 , x, x % 

a, b, c 

b, c , d 



— — (W— ac) x*— {ad — bc)x~- (c 2 — bd) 

= — \V\x — 2\bc\x — |e 2 | 

= _ VV'x + (b'c' + b"c") x — e'e" 

= — {Vx - c") (b"x — d) , (112) 



therefore -— (3 2 ) 2 may be considered a combination of the quadric variant |6 2 | 
with the quadric retrovariant. Also 

(3,), = 2 {V — iabc +%aU) a? + 3 (Vc — 2«c 2 + abd) x s 

— 3(bc*—2tfd + acd)x—2(c % — $bcd + $ad?) 
= (6" + Z>" 3 ) x 3 - 3 (6'V + 6"V) x 2 + 3 (Z>'c"° + Z>V a ) x - (c" s + c' 8 ) 
= {Vx — c"f + (b«x - c') 3 , (113) 

therefore £(3 3 ) 3 is a combination of the cubic variant \b 3 \ with the cubic retro- 
variant | c 3 1 and Cayley's relation 



(3 3 )I + 4(3 a )l=A 3 (3 1 )I 



(114) 
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appears as a combination of the relations 

4||& 3 



b*\ 3 \=a*A 3 , 
d\*\=d?A 3 , 



and as I have shown in my paper, " Symmetries of the Cubic," etc., to reduce 
the cubic 

= ax 3 + ZWy + Sexy 2 + dy 3 (115) 

to its canonical form 

= -L [(b'x - d'yf — (b"x — c'yf] , (45') 



we must assume the linear transformation 

x=dX+dY .: X= — 

y— b'X+b"Y.\ Y= 

c'X + d 



or for one variable, 



x 



.: Z= — 



b"x — d 
b'd — V'd" 

b'x — c" 
yd ._ yd' ' 

b"x — d 



(116) 
(117) 

(118) 



(4,),= 



VX+b" " " b'x — d'' 

For the quartic we have the quartic covariant 

ax % + 2bx + c , bx 2 + 2cx + d 

bx % + 2ccc + d, oa? + Idx + e 

= (ac — V) x i + 2 (ad — be) x 3 + (ae + 2bd — 3c s ) x % 

+ 2(be — cd)x + ee — d*. (119) 
Deducting this from 

we obtain 

^ (4,)4 - (4,), = [V - a (c - ^-)] * + 2 [5 (c + ^) - ad] x 3 

+ [3 (c + Xx) o—lbd — ae] x* + 2 [rf (c + ^) — Je] x + [cP — e (c — -?*-)] 



and similarly 



= 6'V db 46'c'a; 3 + 2 (2c' 2 + b'd') x* ± 4c'd'a: + <T 

= (6V ± 2dx + dry, 

\ (4i) 4 ~ (4 2 ) 4 = (^ ± 2c"x + d")\ 
~ (4i) 4 — (4,) 4 = (&'V ± 2c"'x + <F)l 



(120') 

(120") 
(120'") 
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Adding, we have 

— 3 (4 2 ) 4 = (b'x 2 ± 2dx + d'f + (b"x* ± 2c"x + d"f+ (&'V± 2c"'x + d'")\ (121) 

This form being analogous to (61) and (81), is a sort of combination of the two. 
We have also 

[^(4i)<-(4 2 )J[^(40 4 -(4 2 ) 4 ] 

+ [■£ (4i) 4 - (4 2 )4][^- (4x) 4 - (4 2 ) 4 ] + [ *1 ( 4l ) 4 - (4 2 )J[% (4 X ) 4 - (4 2 )J 

= i (40! (A,*, + A 2 A 3 + V0 - 2 (4 X ) 4 (4 2 ) 4 (^ + a, + A 3 ) + 3 (4 2 )| 
= — I (4i)l (4 2 ) + 3 (4 2 ) 2 = (Vx* ± 2c'x + d') 2 (6V ± 2c"a: -f d"f 

4- (&"x 2 d= 2c"x + d")\b'"x 2 ± 2c'"a; + <2'") 2 

+ (&'V ± 2c"'x + ^'") 2 (&'a; 3 ± 2c'x + d'f ; (1 22) 

also 



[\ (40,- (4,)/|[-£ (40. - (4,) 4 ]4L (40 4 - (4.) J 



= I (401^^- i(4 2 ) 4 (40i(^ 3 + A 2 A 3 + AA) + i(4 2 ) 2 (40 4 (^ + A 2 + A 3 ) - (4„)S 
= i(40t(4 3 )o + i(4,)«(40J(4,) - (4,)J = i(4,)J by Cayley's relation. (123) 

Let us write for brevity 

b'x 3 ± 2c' x +d' =\b', c', d' j, 
b"x* ± 2c" x + d" = j 6", c", d" | , 
V"v? =fc 2c"'x + d"' = 1 6'", c"', d" | , 

then if \b, c, d\ is the general representative of each, we have the cubic in 
\b, o,d\>: 

0= (J6, c,d\ % -\b',d, d'\*)(\b, c, d| 2 — 1 6", c", <2"| 2 )(|&,c, d| 2 — | J'", c"', <Z'"| 2 ) 
= |6, c, d|«+3(4,) 4 |i, c, i| 4 +3[(4 8 )J-i(4,) (40!].|6, o, d| 2 -i(4 3 )| 
= (|6,c,d| 2 + (4 2 ) 4 ) 3 -|(4 2 ).(40K|6.c,d| 2 

+ (4 2 ) 4 ) — i(4 3 )|— (4 a )l + K40o(40i(4*)4, (124) 
and if in this we put 

* - 16, C d| 2 +(4 2 ) , , 

"2" ra ' (125) 

and i(4 3 ) 2 = - (40$ + |(4 2 ) (40I(4 2 ) 4 + J (4,), (40! (Cayley's relation), 
it will become the cardinal resolvent (69). 
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Combining (120) in pairs, we have the following expressions for the quartic: 
(4i)4=— 2 —{\V,d,d> \>-\b»,c»,d»\*), (1260 



Aj A 2 

2 
A 2 — A 3 

2 



(\b",d',d"\ 2 ~ \V", c"i, d'"\ 2 ), 
(\V», d", d'"\ % — \b' ,c' ,d' | 2 ).* 



(126 2 ) 
(126 3 ) 

(127) 



A 3 — Aj 

Taking the mean of these we have since 

(Ax — a 2 ) 2 (A 2 — A 3 ) 2 (A 3 — A a ) 2 = tV A 4 (the discriminant), 
(4i)4= g|i {(V-W, C, tf|M-(V-W. c", c^+^-A^'", c'", #'| 2 }. (128) 

Bach of (126) can be resolved in two quadratic factors, which yield each a pair 
of roots to the quartic. 

5. I conclude by giving the general solutions of the four quantics in their 
homogeneous form. 

= (h) 1 = ax+by=(l l )\x, y), 
= ax_+by 



yx + Zy' 

= (2j) 2 = ax 3 + 2bxy + cy> = (2 1 ) A (o;, y)\, 
ss (^i+%i) g+^+cyt) n y -} 

nx\ — iy ' I 

_ (ax% + by%) £+ (J>j*h + cy*) n _ y I 
»ya; 2 — £?/ 2 'J 

6'= V6 a — ac = V|F|, 

= (3 X ) 3 = ax 3 + 36^ + Sexy* + dy 3 = (3 1 ) A (a;, y) 3 , 

__ (ga^ + %i) g + 2 (5x x + c^i) g>7 + (c«a + %i) *?" 

— {VZ-diy,)-(b«Z — d' n ) 
_ {ax !i + by % ) f + 2 (6«; 2 + cy 2 ) gg + (ca- 2 + dy z ) rf 

Wi — fyz 

— (b'£ — d'n) l* — (&"£ — d'n) i -4 , 

— (&'£ — c")?) I"* — (&"£ — c''^) I s , 



(129) 
(130) 
(131) 



(132) 

(7) 
(133) 



K134) 



6'=^|6 3 |+V|6 3 | 2 — |6 2 | s ; 6" = ^ |& 3 |-V|6 3 | 2 — | 6 T> 



c'=\ / |c 3 |±V|c 3 | ii — Ic 2 ! 3 ; d'= v'I^ItVIc 3 



(18) 
(29) 



♦Credited to Darboux by Matthiesen in his great work, "Grundziige der antiken und modernen 
Algebra," page 750. 
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Sign criterion, 

b'c' + b"c" = 2\bc\=ad—bc, (35) 

= (4j) 4 = ax* + 4bx 3 y + 6caV + 4<% 3 + ey" — (4 1 ) A (a;, y) 4l (135) 

= (««i + fyi) g + 3 (5x t + cyi) g*>7 + 3 (cgi + %i) ^ 2 + (jgi + gyQ >7 3 1 

± [Z/f ± 2d& + ^V + &T± 2c"^ + d"r, % + b m e± 2c"i£n + <*'V] , 

= (ax 2 + &2/ 8 ) f + 3 (6x 2 + cy z ) gg + 3 (cx 2 + dy 2 ) fy* + (dasg + */%) n 3 

Wz — bj 
± [6'f ± ifc'fr + <2y~ (J"f ± 2c"^ + dV) — (6"'f ± 2o'"^ + <Z"V] , 

= ( aar s + %) f + 3 (fa 3 + 03/3) gg + 3 (cx s + cfr/ 3 ) gg» + (dx s + ey 3 ) >7 3 

± [— (6'f ± 2c'£y ! +d'y ! *) + &T± 2c"^ + d"rf— (6"'f ± 2c'"^ + d'V )] , 
_ (a«r 4 + fy 4 ) f + 3 (fee, + cy 4 ) ?V + 3 (cx 4 + dy,) jr? + (dx, + e Vi ) v? 

± [— (Z>'f ± 2</^ + ^V)-(6"f ± 2c"^+ dy)+&"'£»± 2c'"^+ <rv] • 

Cardinal resolvent, 

= a 3 -3(4 2 ) ^-2(4 3 ) 0l (69) 



.(136) 



V=l/»-a(o-h.y, W=lJ»-a(o->£)i 



&'"=^/j 2 -a(c — *|-); b'b"V"=\b 3 \, (73) 

2c' = V(c+a 1 ) 2 — ae; 2c" = V(c + X 2 ) 2 — ae ; 

2c'" = V(c + X,)* — ae ; to be taken ± if 6 (c + X) — ad is ±, (104) 



J=J<P-e(o->f)i a>=J*- e (e-h.y, 



d'" 



z= s Jd i — e(c—^y i d'd"d'" — I d? I . (89) 



Each of these solutions reverts to the respective quantic itself if r;x = %y. If we 
put jj=0 we have the direct solutions, and if £ = we have the reciprocal. 

Since the ratio -^- is perfectly arbitrary, these forms admit of infinite variation. 
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The notion of expressing the roots in this manner is due to Clebsch, who 
restricted the first term to the type 



(ax + by) r + Q^(bx + cy)Z n ~ l +....+lx + 



my 



(90) 



Yix — ty 

which reverts to the quantic = if — = — . 

y ■ n 



The forms for the general roots given above for the cubic differ from those 
given by Matthiesen, page 730, who has in the second term in place of 
— (b'% — c"yi) — (b"% — dvi) the expression +v'(3 3 )^(£, 57), supposing that £/>? is 
a root to (3 2 )^(£, 57). Thus the form is not truly general as mine is. 

If. we do not restrict ourselves to type (90), we can easily form a general 
root-form of as many variables as there are distinct solutions of a quantic by 
simply multiplying each by an indeterminate factor and adding them. 



